This exercise is designed to give undergraduate physical chemistry students a "hands-on" experience in solving the hydrogen atom. The students explore a step-by-step solution to the Schrödinger equation in a symbolic way and explore properties of the radial wavefunction.
Introduction
The Schrödinger equation can be solved exactly for the hydrogen atom. After some practice with the particle in a box problem, you will solve the H atom symbolically using the derivatives feature in MathCad. The result is an expression for the energy levels of the hydrogen atom. You will also prove that the radial part of the wavefunction is normalized and explore the concept of an orbital.
The Schrödinger equation in spherical coordinates for the H atom is as follows: where h is actually h-bar (h divided by 2 π), ψ is the wavefunction, µ is the reduced mass, Z is the atomic number, e is actually e-prime (e divided by sqrt(4 πε 0 )), and E is the function for the allowed energy levels. The e 2 term is the Coulomb potential energy function.
After a separation of variables, the radial part of the Schrödinger equation can be set equal to a constant, λ: where R(r) is the radial wavefunction and λ = ( +1). For an s orbital, =0 and λ=0. After setting λ = 0 and a little algebra, the Schrödinger equation becomes:
After defining the radial wavefunction R(r), you will perform the derivatives in the first part of the equation. Then you will add in the potential energy term. Finally, you will isolate the energy function. In this exercise, we are focusing only on the radial wavefunction for the 1s orbital (n=1) in order to simplify the mathematics. 
A. Practice with the Particle in a Box
Before you tackle the H atom, you will obtain some practice solving the particle in a box (PIB). The wavefunction for the PIB is as follows:
The Schrödinger equation for the PIB is very simple (with the potential energy V=0):
where m is the mass of the particle, h is Planck's constant, and E is the allowed energies of the particle. Begin by taking the derivative of the wavefunction (select the expression below and hit Ctrl+period, then enter). You should get a cosine function as the result.
Now try the second derivative of the wavefunction below. You should get the original wavefunction back (in fact this a requirement for solving the Schrödinger equation) times some constants. 
The answer should be E=n 2 h 2 /(8mA 2 )
Since the particle has a 100% probability of being found somewhere in the box, that is with an x value somewhere between 0 and a, the integral of the probability density function ψ 2 between x= 0 and x = A must be equal to 1. To assure this we write the wave function for the particle as ψ(x) = N sin(nπx/A), where N is called the normalization constant, and then determine the value of N that will make
We will use Mathcad's ability to solve equations symbolically to to determine the value of the normalization constant. Below is the equation for the integral of ψ 2 with ψ written out as N sin(nπx/A).
Copy this equation into the space below. Important: Since n must be a positive integer, replace n with any positive integer before completing the next steps. 
1. Click in the space between the left parenthesis and the N so that N and only N is enclosed in the blue selection L.
2. Go to the symbolics menu on the tool bar, click on variable, then click on solve.
This tells Mathcad to solve for the value of N that will make the integral equal to 1. Notice that you get two solutions, one positive and one negative. Only the positive value is meaningful.
Replace your original choice for n with another integer and repeat steps 1 and 2. Notice that you get exactly the same solution(s) for N. For the particle in a box the normalization constant is the same for all states (all values of n). Can you simplify the expression Mathcad gives for N into a more familiar form?
Note: for some reason the result that the preceding procedure gives if if n is simply set equal to an integer with the n:= command is not a simple constant but a function containing n as a variable. The result can be shown to be correct if n is an integer, but that requires a bit of algebraic manipulation and evaluation of trigonometric functions. The PIB wavefunction is normalized. In other words, the integral of ψ 2 over the box length a is equal to 1 (see below). C hange the upper limit of integration by changing the variable "factor" below (try 2 for half the box, 3 for one-third of the box, etc.). After changing the upper limit, try different n values by changing the n value below (try 2, 3, 4, etc.) Also, notice how the graphs below change for different n values. 
B. The Solution to the Hydrogen Atom
The general form of the radial wavefunction is a by-product of solving the Schrödinger equation. We will restrict ourselves to the 1s orbital to simplify the mathematics. The radial wavefunction for the 1s orbital in the hydrogen atom is R(r) = 2(Z/a) 3/2 e -Zr/a . where a is a constant with dimensions of length (a = 0.5295 Å).
1. Type in the wavefunction in the space below.
Take the first derivative of the wavefunction with respect to r (copy and paste in the wavefunction that you typed in above): However, the symbolic solution is easier to find if we combine some terms. For example, if we note that the constant a = h 2 /µe 2 , we can rewrite the above term as 2 Z ⋅ r ⋅ R ⋅ a . Add this term to the latest result and evaluate. If you have trouble copying and pasting the result to the right of the evaluation arrow, copy the terms to the left of the arrow instead. As shown above in the Introduction, the current result is equal to
Z
to obtain E, the energy function for the 1s orbital in the hydrogen atom.
You can have students confirm that this is the same formula for the energy levels as you find in your physical chemistry textbook.
Notice that this function contains only one parameter -the atomic number, Z -and is applicable to hydrogen-like atoms as well. For the H atom, the ground state energy level is -13. 
C. Normalization of the H Atom Wavefunction
You will now prove that the radial wavefunction for the 1s orbital in the hydrogen atom is normalized. First, square the radial wavefunction. The wavefunction is provided below to aid in the process; type in the expression for the squared wavefunction.
Next, multiply the squared wavefunction by r 2 and integrate over dr. The factor of r 2 takes into account the fact that you are integrating the volume inside a surface located at a distance r from the nucleus. Note that you are integrating from 0 to infinity. Again, if you have trouble with copying and pasting, simply enter "R 2 " into the integral below. Yes, the value of the integral is essentially 1. A normalized function will integrate to 1.
D. Plotting the H Atom Wavefunction
Plot the radial wavefunction R versus r for Z=1 (copy and paste the radial wavefunction R into the box on the y-axis). Set the y-axis limits to (0,2) and the x-axis limits to (0,5). 
E. Orbitals
The integral of the function that you just plotted is equal to the probability of finding the electron at a particular distance from the nucleus. Orbitals illustrated in textbooks usually define the surface of the orbital at the distance r which contains 90% of the electron probability. In the active region below, the upper limit is in multiples of the constant a (remember a is approximately 0.53 Å). You see that a sphere of radius equal to the constant a contains about 32% of the probablility. Change the upper limit of integration until the sphere contains 90% of the probability (until the integral evaluates to exactly 0.9). The upper limit value that you just found is the radius (as a multiple of a) that contains 90% of the electron probability. This is the size of the 1s orbital usually displayed in textbooks. Find approximately where this radius is on the plots above (in Section D). You have defined the surface of the 1s orbital of the H atom.
How far out must you integrate to get essentially 100% of the probability (until the integral evalutes to exactly 1)? A value of 6.03(a) for the upper limit integrates to essentially 1 (100%).
F. Mastery Exercise
The Schrödinger equation for the One-Dimensional Harmonic Oscillator is as follows:
where α = 2πνm/h, h is actually h-bar, and m is the mass of single particle attracted toward the origin by a force proportional to the particle's displacement from the origin:
The force constant, k, is related to the vibrational frequency, ν, as follows:
The first two wavefunctions that solve the Schrödinger equation are: Also, plot the wavefunctions and prove that they are normalized (set α = 1 for the purposes of plotting and normalization). Remember to integrate from -∞ to + ∞.
Instructor: It is very important to solve this section on a brand new worksheet (solving it in the same worksheet as the PIB and H atom causes problems during evaluation, possibly due to having variables in common with earlier results). The energy results are equal to E 0 =(1/2)hν and E 1 =(3/2)hν (a little algebra is required to prove this). 
